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Abstract

This paper introduces a new algorithm for pair matching. The method is
called SBAM (Sparse Biproportionate Adjustment Matching) and can be char-
acterized as either cross-entropy minimizing or matriz balancing. This implies
that we use information efficiently according to the historic observations on
pair matching. The advantage of the method is its efficient use of information
and its reduced computational requirements. We compare the resulting match-
ing pattern with the harmonic and ChooSiow matching functions and find that
in important cases the SBAM and ChooSiow method change the couples pat-
tern in the same way. We also compare the computational requirements of the
SBAM with alternative methods used in microsimulation models. The method
is demonstrated in the context of a new Danish microsimulation model that

has been used for forecasting the housing demand.
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1 Introduction

Dynamic microsimulation finds increasing use in demographic and socioeconomic fore-
casting. A big advantage of the microsimulation approach is that it makes it possible
to analyze family structure. In traditional population projections the goal is usually to
forecast the population by age, gender and a few other characteristics (such as origin
and /or geographical region) while the family structure is ignored. Thus children and their
parents are unrelated in the model, as is the typical prerequest for parenthood: match-
ing of couples. Introducing family structure into this approach is problematic, mainly
because the size of the model increases tremendously when forecasting the population by
family /household characteristics. These characteristics can alternatively be analyzed in a
microsimulation model without loosing control over the size of the model.

Modelling the family structure requires some extra features compared to the traditional
approach. To get the family composition right, at least two things are necessesary: Parity!
must included in the fertility determination, and pair matching must be modelled. This
paper deals with the latter subject and introduces a new algorithm for pair matching.

A fundamental issue in the pair matching methodology and the event of coupeling
compared with most traditional demographic events modelled in microsimulations is the
coordination nature. While mortality, emigration, fertility etc. are person or household
specific events, coupeling needs the coincidence of events between two independent house-
holds/persons.

Usually two distinct methodologies are mentioned when it comes to matching: the stable
marriage approach (previously used in the CORSIM and DYNACANE models) and the
stochastic approach (used in the DYNASIM model). The method decribed in this paper
cannot be categorized as either, which use a method known from other economic and/or
statistical problems, known as the balancing matriz method.

In the stable marriage approach the matching is determined by a behavior derived from

!The number of children a woman already has.



(rational) preferences. A matching of a pool of individuals is stable in this context if you
cannot form a new pair which improves both individuals well-being. Theoretically, it was
shown by Gale & Shapley (1962) that such an stable matching always exists and they fur-
thermore provides an algoritme to find such a stable matching. The advantage is obviously
that if the preferences are known you obtain more correct observable matchings which are
more stable. Further, changes in matching patterns are explainable by well-known con-
cepts as demand and supply. The method has at least two drawbacks in the application
to simulation: first of all, the correctness is conditional upon the estimation of preferences
and that the actual matching occurs as if the algorithme determines the matching. Sec-
ond, the matching algorithme is very computational demanding since one needs to match
directly each pair, one by one. Whereas in genuine stable matching algorithms where
each person state his/her ordering of mate, the matching in more applied approaches is
based upon a “compatibility index”, reflecting the likelihood that they are matched. The
mechanism then is as follows: pair any potential couple and estimate the compatibility
index and match the pair with the highest index value. Exclude these persons from the
pool and match the remaining pairs with higest index value. Repeat until the pool of is
empty.

In the stochastic approach one estimates the probability of a match by the difference in
characteristics, like e.g. age and education. The matching procedure then proceed by pair-
ing using the Monte Carlo method. The method is generally very coarse in its predictions
of matching pairs and equally computational demanding a like the stable approach.

The method that we introduce, called SBAM (Sparse Biproportionate Adjustment
Matching), can be characterized as either cross-entropy minimizing or matriz balancing
(defined below). The SBAM method is based on historical observations of pair mathings
from one or more years, distributed on a set of types (age, gender, education, geographical
region ect.). In a forecasted year, it is assumed that a matching pool of individuals has

been formed. If the individuals in this pool are distributed on types as in the historical



data, the matching problem is easy to solve: We simply distribute the pairs as in the
historical data. If this is not the case (which it typically is not), the pairs must be dis-
tributed in a new way. But how should the distribution be adjusted? and what principles
should apply to these adjustments? One principle could be to distribute the pairs such
that the distribution deviates as little as possible from the historical distribution. This
can be interpreted as a so-called matrix balancing problem (Schneider & Zenios, 1990):
Change the original data (defined as a matrix) such that the row and column sums are
given by predefined values. A number of solutions exist to this kind of problem. One such
solution is called biproportionate adjustment (or RAS adjustment). This method has at
least two advantageous properties: It is relatively easy to implement, and it has a nice
interpretation. Further, the matrix entries preserve the signs after the adjustment. Using
biproportionate adjustment, the outcome can be interpreted as the result of a so-called
cross-entropy minimization problem (McDougall, 1999). In other words, the adjusted
matching changes the distribution of pairs relative to the original distribution, so that
the information loss is as small as possible. The information loss is defined by Shannon’s
Information Theory (Shannon, 1948).

Section 2 decribes the methodology of the matching method. Section 3 analyze the
matching function induced by the RAS method by comparing the properties to two other
matching functions: the harmonic and Choo-Siow matching functions. The comparison is
carried out by considering the changes in the distributions when the population character-
istics change. Section 4 compare the calculation complexity of the SBAM method to other
pratical matching processes used in dynamic microsimulation models. Section 5 shows
an application of SBAM in a new Danish microsimulation model in which we compare
historical observed matching distributions with the SBAM model’s predictions. We also
explain why the methodology of the Choo-Siow matching function is not suitable for the

purpose of our model. Section 6 conclude on the main findings of this paper.



2 Methodology

There are assumed to be N individuals to be matched into pairs?. The individuals are

divided into T types:

A type could for example be defined on the basis of gender, age, origin and education.
The number T' can therefore be expected to be rather large?.

The aim is to find real numbers z; ; (i =1,...,T, j =1,...,T) such that

T
Z:Bij = Ni, 1= 1, ,T (1)
j=1
and
Tij = Tji, 4,5 = 1,..,T (2)

The matching is defined by (1). The variable x;; indicates the number of individuals of
type i that are paired with an individual of type j. If an individual of type i is paired with
a person of type j, then the opposite is also the case: An individual of type j is paired

with a person of type i. This gives rise to the symmetry assumption (2).

2.1 Data

The algorithm is based on data from actual matchings. Let a:gj be the number of individuals

of type ¢ that according to data is matched with an individual of type j. As mentioned

above, the data set az% is symmetric. This is ensured in the following way: When a pair

2N is assumed to be an even number.
3As an example, assume the types are defined on the basis of 2 genders, 50 ages (15-65), 5 education
levels and 11 geographical regions. Then 7" =2 % 50 * 5 % 11 = 5.500



of type (i,7) is added to data, it is done by following the procedure:

. = x?j+1

0 _. 0

where =: is an algorithmic equal sign*. In the data set, individuals are distributed on T

types:
T T
NP =) ag =) (3)
i=1 j=1

and the total number of individuals is given by

T
No=>_ N/
j=1

It is advantageous to describe the problem in matrix notation. The data set ar% can be

described as a T' x T matrix, XY. Define the vector
NO = (N?,..,ND)
According to (3), both the row and column sums of X should be given by NO.

2.2 Biproportionate Adjustment

We are going to match N individuals, distributed on types according to N = (N1, ..., N7).
We wish to find a T x T" dimensional symmetric matrix X such that its row and column
sums add to N. This should be done so that X deviates as little as possible from the
original data XY. In other words, we would like our matching X to reflect as much as
possible of the matching information in the original (real world) matching X°. This can

be interpreted as a classical matrix balancing problem: Given a rectangular matriz A,

4% =: £ + a means that x is increased with the value a.



determine a matriz X that is close to A and satisfies a given set of linear restrictions on
its entities (Schneider & Zenios, 1990).

Algorithms for matrix balancing can be separated into two broad classes: scaling algo-
rithms and optimization algorithms. Scaling algorithms multiply the rows and columns of
the original matrix by positive constants until the matrix is balanced. Optimization algo-
rithms minimize a penalty function that measures the deviation of a candidate balanced
matrix from the original matrix. The balance conditions are constraints in the optimiza-
tion model, so that the optimal solution is the balanced matrix closest to the original
matrix.

We are going to use the scaling approach here. According to the biproportionate adjust-
ment model (also called RAS adjustment), the balancing problem can be solved in the
following iterative way: Start with the original matrix. Scale the rows such that the row
sums are correct. Then scale the columns such that the column sums are correct. Repeat
these two operations until a new stable matrix has emerged.

When using the optimization algorithms, it is obvious that the new matrix deviates
as little as possible from the original matrix (that is part of the definition of the prob-
lem). This is less obvious when it comes to the scaling algorithms. However, it has been
demonstrated that the biproportionate model is an entropy-theoretic model (see e.g. Mc-
Dougall, 1999 or Bregman, 1967). The new matrix can be characterized as the solution to
a cross-entropy minimization model. Entropy should here be understood in an information
theoretical context (Shannon, 1948). By using the biproportionate model we are actually
minimizing the loss of information when changing from the type distribution NO to N.

The balancing condition in this particular problem is

T
> xij=N;
=1



T
g zij = N;
J=1

for every 4,5 = 1,...,T. Note that this impose a symmetry in the balancing conditions
whenever the row and column indice is the same.

The procedure for the RAS algorithm is as follows: for any k let

1. fori——l,...,mletpf:TN;k and let yfj:pfa:fj foralli=1,....m;j=1,...,n
3 %ij
2. forjzl,...,nletaf:ZN;k andletx@*lzaﬁyfj foralli=1,...,m;57=1,...,n

Letting X° = X, the RAS-solution is the limit X749 = lim;_,.oX"*. Tt is easy to see
that we can write the solution in the terms of a matrix product: letting R be the m x m

diagonal matrix with elements
o0
Ty = H P?
k=1

and S the n x n diagonal matrix with elements

o0
R k
si = 1o
k=1

Then we can write the solution to the RAS algorithm as X 4% = RX,S.
An important property of the RAS algorithm, in our context, is that it preserves sym-

metry of the initial distribution when the balancing conditions are symmetric. Symmetry

implies that for each k we have that arffl = a:ff ! whenever arf] = x?z But we have that
okt oyl = N b Nj hgk — Nj Ni ok
ij Jjoy k Jij — k. Fiig — Ni .k kg
> i Vi 2 P > 5= ok Lij 2T
J
_ Ni Nj ok ke
= N, kS gk i i
Zj >, ok L 2 Tij

which proves the symmtry-preservation property of the RAS solution. The symmetry of



the solution considerably reduce the computational requirements by reducing the compu-
tations by 50%. However, this may still be a considerable computational accomplishment
depending on the number of types and the convergence of the iterative procedure.

As we have mentioned, the solution of the RAS method is equivalent to the solution
of a well-defined minimization problem. It has been shown that the RAS solution is the
solution to the problem of minimizing of the cross entropy

min Z &ijlog ij

<0

0

subject to the balancing condition where &; = 32 and 5% = ]x\;ﬂ)

The RAS algorithm has a well-known graph structure associated with it, which is valu-
able for understanding the mathematical structure. A graph is a pair (V, E) where V is
the set of wvertices and E the set of arces a subset of V' x V. Given two vertices ¢ and j
we say that they are connected in the graph (V| E) if (i,7) € E or (j,i) € E, that is if
there exists an arc connecting the two vertices. A graph is biparitite if there exists adjoint
subsets Vi, Vo C V that covers Vsuch that for every ¢ € Vj there exists an j € V5 and
(i,§) € E. We can now define the transportation graph for the RAS algorithm: Given X
we denote by Vi the set of rows and V5 the set of columns and we let the transportation

graph be the biparitite graph (V, E') given by
V={1,....m}u{l',....n} =V1UV,

and

E={(i,j') € Vi x Vo|zl > 0}

where Vo = {1’,...,n'} is just a relabelling of {1,...,n} to distinguish elements from the
two sets V7 and V. Hencefourth, we will refer to arces as (7, ) instead of (4, ;") when no

confusion is at risk. The biparitite property of the transportation graph stems from the



absence of a zero row (column). The matrix X° can then be identified by the positive map
2% : E — R,. The RAS algorithm then cycles through the transportation graph scaling

the map X on the transportation graph such that the limit satisfies

Z Tij = Ni

{ilG.g)eE}

for every i € V| and

Z CCZ']' :Nj

{il(i.5)eE}
for every j € V5. It is important to note that there are computational differences between
the matrix algorithm and the graph algorithm, since the former requires computations for
all T? entries, while the latter only refer to the subset of these elements in which there are

a strictly positive entry.

2.3 Sparse algorithm

As mentioned above, the number of types T" can and will in applications often be very large.
Therefore, a T x T" matrix can easily become so large that it gives rise to computational
problems. As there at the same time often will be many zeros in the X° matrix, it will
have obvious advantages to introduce a sparse matrix method in which operations on zero-
elements are ignored. The method is implemented in C# and is based on so-called linked
lists>. A T x T matrix can be represented by a SBAMMatriz. A SBAMMatrix is a C#
object that essentially contains 27" linked lists: T linked lists for the rows and T linked
lists for the columns. Each element in the linked list contains a pointer to data and a
reference to the next element in the list. In this way, data is actually represented twice: as

rows and as columns. The motivation for this redundancy is that it makes biproportionate

5A linked list is a data structure consisting of a group of nodes that together represent a sequence. Each
node is composed of data and a reference (a link) to the next node in the sequence. This structure is
memory space saving and allows for efficient insertion or removal of elements from any position in the
sequence.
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scaling much easier. The SBAMMatrix actually implements the graph structure of the

RAS algorithm, as described above.

3 Matching functions

A well-known characterization of reduced form matching models is through the use of
matching functions. In terms of the model in this paper, a matching function is a map
pij (N) € R which gives the number of matchings between type i and type j individuals
given a population N. This section provides a comparison of the resulting steady state
matching pattern of the SBAM method with two other important methods: the harmonic
mean method and the Choo-Siow method.

Traditionally, the definition has been termed a bit differently which is contained in our
formulation. To arrive at the traditional formulation one can separat the set N = M U F
where M is the set of males to be matched and F' is the set of females to be matched. Then
ij (M, F) is the number of males of type ¢ to be married to females of type jdependent
on the number of all males and females to be matched. In the present model we allow
persons of the same gender to form relationships, which the traditional formulation does
not allow.

The matching function usually satisfies some properties (beyond the balancing condi-

tions):
e Zero spillover: letting N; be the number of type i, then p;; (N) = pij (N, Nj)
e Homogenity of one: for any scalar A > 0 we have that p;; (AN) = A5 (N)

The zero spillover property implies that the matching of pairs of given types only depend
on the number of each type. This implies that no substitutioneffect is possible: “if I cannot

be with the one I prefer most, I do not want to be with anyone at all”.

11



An example of this is Harmonic Mean matching function (see Schoen (1988))

HM _ mifj _ HM
Hij (M, F) = aijmi+fj = Hij (mg, f;)

where a;; > 0, >, a5 <1 and Zj a;j < 1. Note that the sum of each type

3 L ij [
%:NZJ(M,F)—mzzj:mZ_’_f] Zmz+f]

such that the total number of matches assigned to type i-males is less than the total number

of type i-males. And likewise for j-type females. Thus, the proportions of married men of

type ¢ is then given by

Pi(M,F)—M—Z

z+f]

while the proportion of married females n; (M, F') is defined likewise. The remainning

males/females is not matched, and is given by

pio = (1= pi (M, F)) m; = Zml +n$+2ij)fj m;

and

fi+ (1 = oug) my
=(1—n;(M,F - .
poy = (1=n; (M. F) £, (Z )
which we note are all strictly positive and less than one. We note that these rates are
all dependent on, and thus changes whenever, the number of male/females changes. The

change in the individual matching parameters are

2 2
Opij  Opij i i i m;
om; Of; 17\ mitf; 1\ mitf;
i Opi | = | S LI i
om;  Ofj E] Y (mi+£5)? Y (mitf;)?
o O i _ _my
omi 9 YT it 157 2 G

12



where we see that there is a crowding out effect: as there becomes more of one type
of males, this implies that the proportion of married males of this type decreases. An
important proporty of the harmonic mean matching function is that it is homogenous of
degree one, that is the ratios of marriage propensities is affected by a scaling of the number

of men and females:
i (AMAF) = pij (Amg, Af) = Mg (mg, f)

for any A > 0. The interpretation of this proporty is that the searching/matching process is
made easier by the presence of a larger set of supply of possible matches. Note, however,
that the proportion of married men/female of a given type is not affected by a equi-

proportional increase in the men and female of the type, i.e.
pi (\M,AF) = p; (M, F)

A second example is the Pollard/Hohn matching function given by

_ aimib; f;
5 2k (hwjarmy, + hib; f;)

i

where a;, b; and h;; are parameters/weights to be estimated, m; is the number of men of
type 7 and f; is the number of females of type j.

A third example is the Choo/Siow matching function given by

Hij = Tij~/ Hi0H0j

where m;; is a parameter to be estimated which represents the sum of gross benefits of
type ¢ and j of a matching of the two types in excess of being single, p;o is the number of

unmarried persons (males) of type ¢ and pjo is the number of unmarried persons (females)

13



of type j, both derived residually. Choo & Siow (1993) derives the matching function
from a transferable utility model of matching model. Since, by definition, the number of

married men and the number of unmarried men exhaust the males of a given type 4

J

Hio + Z,Uij =my;
j=1

and likewise for females

I
M0j+ZMij = f;
=1

we have that a solution for ((Mio)i , (1005) j> must satisfy

7
mi — lip = Zﬂz‘j\/m
=1

and
I
Ji— poj = Zﬂz‘j\/ﬂioﬂoj‘
i—1

which is basically a quadratic form.6

Changes in the parameters ((m;),(f;),]]) can
determine the changes in the unemployment rates (i, t4j0), i which can then be used for
calculating the change in the distribution of marriages.

It is easy to see that our derived matching function violates the zero-spillover property
but satisfies the homogenity of one property. All the above examples also satisfies the
homogenity property, which is a property that implies that the number of pairs matched
does change with a general increase in the population, and thus that the population density
does not affect the ability of matching. The SBAM contains a very general spillover effect,
in that, not only does the matching of say a type ¢ to a type j depend on any other

match of type ¢ with any other type j/, but also on the matching of type i’ # ¢ with any

5Make the transformation flij = ufj then the equation for males of type i becomes m; — i3, = Zj T35 [io Lo
which has as a highest number of exponent two.
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other type j'. A second important aspect in which our matching function differ from the
mentioned, is that the proportion of matched pairs p and 7 are independent of the number

of males/females of the different types.

3.1 Comparing matching functions

To see the potential effect of considering the joint distribution when marginal distributions

pertubates, consider the initial distribution

| 0 0 0 10 3 1 ]
0 0 0 5 10 5
0 0 0 1 3 10
10 5 1 0 0 O
3 10 3 0 0 O
1 5 10 0 0 O

where the first three rows (columns) are men (with 3 types) and the last three rows
(columns) are female (with 3 types). Thus the initial row/column sums are N° = (14, 20, 14, 16, 16, 16).
The population vector is initially given by L° = (20,25, 17,20, 20, 20) such that the pro-
portion of married of each type is (p,n) = (0.7,0.8,0.82,0.8,0.8,0.8). Assume that 5 males
of the first type is added to the total population, such that L = (25,25,17, 20, 20, 20), how

does this change the matching distribution? The unmarried proportions are changed to
(p"™M ™M) = ((0.62,0.8,0.82) , (0.86, 0.82,0.81))
for the harmonic mean matching function, and

(p“%,n“%) = ((0.63,0.78,0.81), (0.83,0.81,0.81))

15



which implies that the number of couples increase by 1.3 in the HM-case and 1.6 in the

CS-case. The resulting pair-matching of the two matching functions are

i 0 0 0 111 33 1.1 0 0 0 11.1 35 1.2

0 0 0 5 10 5 0 0 0 47 99 5

LM 0 0 0 1 3 10 08 = 0 0 0 09 29 10
111 5 1 0 0 0 111 47 09 0 0 0

3.3 10 3 0 0 0 35 99 29 0 0 0

.15 10 O 0 0 1.2 5 10 0 0 0

from which we see that the main difference between the two types of matching functions
is the cross-type effect which is zero in the HM-case and non-zero in the CS-case. The
interpretation is that a greater number of males increases the competition on the male-
side, which increases the demand for females and the supply of males. Like any traditional
economic mechanism would predict this would lower the relative price of males and sym-
metrically increase the relative price of females. This would force males to increase their
utility-transfer to females and thus more females would be attracted to move from being
single to engage in marriage, while spur relatively more males to be singles.

Consider now the resulting change in a SBAM procedure. Unfortunately, the SBAM
and the CooSiow (and also the Harmonic Mean) matching procedures are in there most
basic form in some sense incomparable. To see why, consider an increase in the male
population of, say, type 1. For a given number of females, of each female-type, the number
of couples could not increase if the number of females are not increased as well. In the
CS- matching this is accomblished by an increase in the benefit of each female and thus
new females are attracted to the market for matches. However, in the SBAM the number
of females is unchanged, since the proportion of unmarried is unchanged. However, the
procedure requires that any married individual as predicted by the fixed marriage propor-

tion assumption is matched to a partner. The solution in the SBAM case is to allow for

16



same-sex matchings. Recall, however, that matchings do not necessarily imply a sexual
relationship, but instead implies a common household. So in order to make the two (three)
models comparable we now extend the harmonic mean and Choo-Siow models to allow
for the possibility of same-sex matchings. Further, to be able to compare the HM- and
CS-functions with the SBAM we also need to assume that in each period all couples are
dissolved and the entire population must be rematched. The need for this assumption is
discussed in section 5 and has to do with stock and flow models.

The extension is straight forward and present no mentionable technical difficulties. The

observed matchings are now altered to be

10 4 1 0 0 O
2 10 2 0 0 O

1 5 10 0 0 O

such that the marginal propensities of 'marriage’ are unchanged, given by
(p,m) = ((0.70,0.80,0.82), (0.75,0.70, 0.80))

. The effect of an increase in the number of type 1-males by 5 individuals on the propensity

to marriage is then

(pHM pHM) ((0.63,0.80,0.82), (0.81,0.71,0.81))
(p°5,19%) = ((0.65,0.79,0.82) , (0.79,0.72,0.81))
(pSBAM SBAMY) ((0.70,0.80,0.82) , (0.75,0.70,0.80))

such that the total number of matchings are changed by 1.7, 1.8 and 3.5, respectly, and

17



the distributions are

1.3 0 0 11.1 22 1.1 1.5 0 0 111 24
0 10 O 4 10 5 0 1.0 0 3.7 100
JHM 0 0 1.0 1 2 10 LC5 — 0 0 1.0 09 20
111 4 1 0 0 0 11.1 3.7 0.9 0
22 10 2 0 0 O 2.4 10.0 2.0 0
1.1 5 10 O 0 O 1.2 5 10 0

30 0 0 108 25 1.3

0 18 0 34 97 5.1

LSBAM _ 0 0 1.v 08 18 9.7

108 47 09 0 0 O

25 97 18 0 0 0

1.3 51 97 0 0 0

To give a more proportional feeling of the magitudes of the change, we can compute the

percentage change in the distributions of matchings

| 025 0 0 0.11 0.11 0.11
0 00 O 0 0
LM 0 O 0
011 0 0 O 0 0
011 0 0 0 0 0
011 0 0 O 0 0

cs

18

0.47

0.11
0.18

0.19

0
0.05
0
—0.06
0.00
0.00

0
0
0.03
—0.07
—0.01
0.00

0.11
—0.06
-0.07

0
0
0

1.2
5
10

0.18
0.00
—0.01
0
0
0

0.19
0.00
0.00

0

0

0




SBAM _

1.97
0
0
0.08
0.23
0.28

0
0.85
0
—0.15
—0.03
0.01

0
0
0.68
—0.19
—0.08
—0.03

0.08
—0.15
-0.19

0
0
0

0.23
—0.03
—0.08

0
0
0

0.28
0.01
-0.03
0
0
0

We note that in general the SBAM result in much greater sensitivities towards the number

and distribution of partnerships than the other matching functions. This greater sensitivity

mainly comes from the constantness of the proportions of marriage, which translate into

a considerable increase in the same-sex 'marriages’.

Consider next a simultanous increase of five persons of type 1- males and -females. The

percentage change in the distributions are

025 0 0

0 0 0

i _ | 000
0.25 0.13 0.10

011 0 0

011 0 0
SBAM _

0.25

0.13

0.10
0
0

0.30
0.05

0.12

0.11 0.11 ]

0 0

0 0 ,,U,CS _

0 0

0 0

0 0

0 0 0.30
0.15 0 0.15

0 0.15 0.15
0.15 0.15 0
-0.07r =0.07 O
-0.01 —-0.01 O

0.05
-0.07
-0.07

0
0
0

0.12
—0.01
—0.01

0
0
0

i 0.26 0 0 0.28

0 —0.04 0 0.12

0 0 —0.01 0.14
0.28 0.12 0.14 0
0.12 -0.02 -0.01 O
0.12 -0.02 —-0.01 O

0.12
—0.02
—0.01

0
0
0

and the number of couples increases by 3.7 in all models. Note that while in the CS-method
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—0.02
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0
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the same-sex matchings are substitutes (when the supply of type l-population increase,
their matching-price/value decrease which in the case of CS implies that the demand for
same-sex matchings decrease, which is the definition of (gross) substitutes) the same-sex
matchings are complements.

To consider the effect of a symmetric initial condition, in which there are female, as well

as male, same-sex relationships, we consider an alternative initial observation given by

-100921-
010495
001129
941100
29 2010
159001

in which case we obtain per centage change with only type 1-males increase, the marriage

rate of the different changes as (HM)

(p,n) = ((0.65,0.76,0.76) , (0.75,0.7,0.8)) = (p,n)™ = ((0.58,0.76,0.76) , (0.80, 0.71,0.81))

and for CS
(p,m° = ((0.6,0.75,0.76) , (0.78,0.71,0.81))

thus we see that marriage rates respond more sensitive in this case compared to the case
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in which only male relationships where present, and the distributions change by

025 0 0 0.11 0.11 0.11 0.43 0 0 0.12 017 0.18
0 00 O 0 0 0 0.03 0 —-0.05 0.00  0.00
LM 0 O 0 0 L5 — 0 0 0.02 -0.06 -0.01 0.00
011 0 0 O 0 0 0.12 -0.05 -0.06 —-0.13 0 0
011 0 0 O 0 0 0.17 0.00 -0.01 0 —0.04 0
011 0 0 O 0 0 0.18 0.00  0.00 0 0 —0.03
1.42 0 0 0.12 024 0.29
0 0.52 0 -0.11 -0.02 0.02
[SBAM _ 0 0 0.41 -0.14 -0.056 —-0.01
0.12 -0.11 -0.14 —-0.48 0 0
0.24 —-0.02 —-0.05 0 -0.37 0

0.29 0.02 -0.01 0 0 —0.31

and when we consider both male and female type-1 increase the marriage propensities are
(p,n)™ = ((0.63,0.78,0.77), (0.72,0.71,0.81))

and

(p,m)°° = ((0.65,0.77,0.77) , (0.74,0.7,0.8))

21



and the distributions becomes

025 0 0 011 0.11 0.11 0.26 0 0 0.28 0.12
0 0 0 013 O 0 0 -0.03 0 0.12 —-0.02
LM 0 0 0 010 O 0 LC5 — 0 0 —-0.01 0.13 -0.01
0.25 013 010 025 O 0 0.28 0.12 0.13 0.30
0.11 0 0 0 0 0 0.12 -0.02 -0.01 0 -0.01
0.11 0 0 0 0 0 0.12 -0.02 -0.01 0
0.25 0 0 0.31 0.12 0.14

0 —0.07 0 0.12 —-0.03 -0.02
SBAM _ 0 0 —-0.04 0.14 -0.02 -0.01
031 0.12 0.14 0.36 0 0

0.12 -0.03 —-0.02 O 0.00 0

0.14 -0.02 -0.01 O 0 0.03

Again, it it extremely noteworthy that the changes in the distributions of ChooSiow and
the SBAM are very similar, and in this case in which both same-sex relations are considered
actually the magnitudes of the changes are almost the same. These results suggests that
we can use the SBAM-approach in the microsimulation but use the interpretations from
the CS-approach when interpreting the actual simulation results. A further notice is that
the change in distribution with a proportional increase in the male and female of a given
type is highest in the diagonal and same-sex of the increased male-female types. Compared
to the asymmetric increase in which the sensitivities of the distributions of SBAM and CS
are more dislike, however, they agree on the trend that the same-sex match of the increase
type have uniformly the greatest sensitivity.

Like the rate of matchings is independent of the population size and distribution in

our approach, the rate of separation is independent. While in the two other cases the
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harmonic mean and ChooSiow the dissolvement rate changes as the size and distribution

of the population changes.

4 Alternative microsimulation matching procedures

We shall here consider the matching process used in the DYNASIM and CORSIM/DYNACAN.
Both methods takes the propensity to marriage as exogenous: the probability to be mar-
riaged given age, gender, education and labour market status within a given period is

independent of the population distribution.

4.1 DYNASIM-like procedures

In the DYNASIM model, the matching pool is then randomly queued of males and females
in separate lines. Take the first male in the queue, call him 7, and start in the female line

by picking the first female, call her j, and assign the probability”

Pr{oy =1} =exp { -5yl - 0 (- e?}

of these two individuals to form a pair. If they are not matched the male 7 is trialed a
match with the next female in the queue using the same procedure as above. If the male
is not matched within 10 trials he is matched with the femail with the highest probability
estimated in the trials. Any asymmtry in the number of male and females are handled by
leaving the unmatched single and letting them indure the risk of marriage next year.

To calculate the average number of computations necessary to complete the matching
proces, with only age as the determining parameter, consider the probability distribution
of a 30-year old male, given that we match this male with a randomly chosen female the

probability that they will be matched is the expectation of the distribution, e.g. ca. 3 per

"This is based upon the presentation of Perese (2002), but it seems an flawed presentation because there
seems to be no parameters to guarantee that the distributions actually generate the actual data. One
would perhaps estimate a difference-age and -education parameter.
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cent, in the next step the conditional expectation is the same, given that the population is
large, such that the probability of not having found a mate within n < 10 trials is (1 — 3%)"
and thus a probability that having found a mate after exactly n trials is 1 — (1 — 3%)"

and the probability that exactly at the n round is
Pr{r <n—-1} —Pr{r <n}

which implies that there is about 70% chance that we need more than 10 trials to match
the inidividual. Thus the expected number of trials are 8.5 trials per individual. Assume
that there are N = min {F, M} individuals are to be matched, then the expected number
of calculations are 8.5 x N calculations. The resulting distribution of matchings is a very
complex and intransparent distribution which would generally depend upon the number

of trials.

4.2 CORSIM-like procedures

In the CORSIM/DYNACAN model, the matching pool is as follows: let there be N persons
in the matching pool, then the procedure estimates N? = N x N probabilities using a
estimate as follows: let there be Ny individuals observed and variables {(yij, zij) i1 No}
in which y;; is a dummy equal to one if individual 4 and j are married, and x;; are variables
such as the difference in age, difference in age squared, difference in years of education,
labourforce status, difference in earnings etc. including interaction terms and then estimate

the model

Yij = Brij + €5

as a cross-sectional model. In the forecast at a given point in time there are, say N,

individuals in the matching pool. The probabilities are then calculated

Dii = B
1) NO
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1,7 =1,..., N and the matching matrix is the matrix of the form

[0 a2 @3 -+ AIN ]

0 0 a3 -+ aan
AN = | 9

0 0 0 - an_iy

(0 0 0 0 |

given recursively by aio = pi2, a13 = a2 + p12, a3 = a1z + p23 and hence for every

1<i<ji<N
ag) = a); +pi
and
agjjv) = ag%,j_l + Py

The distribution is obtained as follows: start by drawing a number v between 0 and 1 then

the pair (i, jo) is formed whenever wag\],vl\)[ € [a(N) at™) [ Then the individuals (g, jo)

10,j0—1° “i0,70
are removed from the mathCing p0017 and aio,j = ai,jO = 0, and we calculate A(N—2) in
which
(N=2) _ (N)
@jj = i
... (N—2 N-2

for every i # ig,J # jo, agojo ) = az(ofl,j)o and

(N=2) _ (N-2)

Qg T iy TP

The procedure is repeated as long as there are any individuals left. It is easy to see that the
ordering of the indices in the construction of A is irrelevant for the resulting matching since

the number 1 is uniformly random.®Consider the case where we have 6 individuals in the

8 A heurestic argument goes as follows: note that an ordering in the construction of A determines the
(V) (N)
i0.jo—1> %ig,jo
propriately constructed. The random draw will thus have equal probability of matching the pair under

ordering of the intervals [a [ but the length of each interval is unchanged when A is ap-
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matching pool {1,2,3,4,5,6}, with an equal probability of matching then the matching

matrix is
0 a2 a3 aix a5 ae 0 5 & &5 5 T
0 0 a3 a4 azs az 00 5% & 5 1
46— 0 0 0 a3 asgs a | |0 0 0 BB T
0 0 0 0 as age 0 0 0 0 % %
0 O 0 0 0 asg O 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 O

Assume that a pair (2, 3) is matched in the first round by drawing a number € [12—5, 13—5 [,

then we alter the matching pool {1,4,5,6} and the matching matrix becomes

_0006114&15&16-

000 0 0 O [ 0 a4 a1s a | _o%g%_
A4_000000_00a45a46_oogg
{000 0 ap oaw| |0 0 0 as| |00 01

000 0 0 as (00 0 0| |00 O0 O]

000 0 0 0

Next the pair (1,4) is matched which leaves the pair (5,6) as the final match.

What are the computational requirements of this procedure? There are two steps: 1)
the probability estimates of each potential match between persons and 2) the matching
procedure. The first step involves N? calculations while the second step is more difficult.
For each of the % iterations in the matching process we need to recalculate the matching

matrix, but we do not need to recalculate the entire matrix - only the ordering greater than

2
(M+1)* M1 _ M+1 g

the pair matched in the subsequent match. There are potential “—; 2

elements of a matching matrix AM) with M persons to be matched, assuming that a

the two orderings.
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person cannot be matched with himself. The expected or average number of recalculations
is number of indices above the expected index to be matched: denote by 7 the distribution
given by

(1) _ Pi().i(s)

s (M)
Apr 1M

then the enumber of recalculations are the indices in which there are indices which are
changed, denote this number by ERe. This is, in general, a complex expression so let us

consider two extreme cases: the diagonal distribution and the uniform distribution.

4.2.1 The diagonal distribution

The diagonal distribution has p;; = 0 whenever ¢ < j —1 and a; 41 = Zigj Pi,i+1. This is
the distribution which contains the most information and thus requires the least number
of recalculations. Assume also that p; ;11 = p for some positive number. Whenver N = 4
no need for recalculations are present. For NV = 6 the expected number of recalculations
are

6

1, 1. 1
S34 24 -1=-
55T 52 5= 5

since matching the two first individuals (with probability %) require 3 recalculations (the
numbers asq4, a45 and asg), matching the second and third (with probability %) require
2 recalculations (the numbers a45 and asg) etc. When the first pair is matched and
numbers are recalculated we are left with 4 individuals in which the expected number of

recalculations are zero. For N > 4 even to be matched then

NP 1

(V) — (V) _
Ts T TE(N-1) N-1

and the expected index to be recalculated can be derived from the recursive formula

N-2Y N
( ) — — + FERen—9

N-1
1
ER@N:Zm(N—2—S)+ER€N_2:ﬁ 9
s=1
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Thus, the average number of recalculations depends upon the number of individuals, N.
The total number of calculations is thus the sum of random draws, two for each pair, hence

=2x% % = N and the number of recalculations.

4.2.2 The uniform distribution

In the case of uniform distribution p;; = p for every pair s = (i (s),j (s)) such that

—

1
(M) _ -9
s MMM -1)

il
AN

Again the number of recalculations for 4 individuals to be matched is zero, since the
matching of one pair automatically match the other pair. For 6 individuals the number
of possible matchings are 15 and having matched a pair typically requires 6 recalculations
except whenever the matching involve individual 3 and a person above index 3 (5 required
recalculations), individual 4 and a person above (3 required recalculations) and only 5 and
6 with no recalculations. Continue with NV = 8 we find that there are 28 possible pairs,
denote by s; the number of recalculations required if individual ¢ is paired with a person
with a higher number than her self; one can convince oneself that matching a pair (7, j) the

required recalculations are independent of j. Thus the number of expected recalculations

are
2(N —1)
5
N(N-1)"
and the size of s; is given by
8j — 8i—1 = —1

for every i > 1 and s1 = % (N —3) (N — 2). Thus, we have that

(N=3)(N—2)—(i—1)i+(i—2)

N |

81281—(i—1)i+(i—2):
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Adding the terms for each individual ¢ we obtain that the expected recalculations for the

8-persons matching procedure is

N—-1 1 2(N —1) 1 1 N-1 2(N — i) | '
;N—IN(N—l)Si = N—181+N—1 2 N(N—l) (Slf(zfl)sz(zfQ))
1 Nl 2(N —1) 1 N-1 2 (N — i)
_ 81]\7—1 <1+ZZ_;N(N—1)> ~ N1 2. NN=1) (t—1)i—(i+2))

It is quit a remarkable expression, but an interesting feature is that it always exceeds the

number
L, _IN-2
N1 TaN 1

N —3)

which increases in V. The total expected recalculations in the matching procedure is then
this number plus the expected recalculations from the N — 2 person matching procedure,

thus

 (N=3)(N-2) 1
EReny = 5= +N—1Z:

+ERen_2

ﬂN?”)<;uv—$(N—2y—@—Ui+@—20

and thus the added expected required recalculations in the procedure is then increasing,
and thus the recalculations are convex of nature. We elaborate more on this expression
to understand the result: note that for a given person ¢ adding a new pair of individuals

to the matching pool increases the number of recalculations for whenever this person is

matched by
sV 1 5
L =—(N—-24+N-3)=N——
dN 2( * 3) 2

and hence there is an “externality” of adding a new person. So each term

(N—=3)(N—2)—(i—1)i+(i—2)

N
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increases and a new term in the sum is added too. For a given 7 the term

hi:]?]((]jvv:il))(;(N?))(NQ)(il)z’+(i2)>

is increased when N increases.

One can view the recalculations of the matching matrix as a perturbation of the match-
ing process and thus equivalent to the RAS procedure. Besides the recalculations the
procedure also needs to locate the appropriate interval (or matrix entry) from which to
match into. This is also very computational demanding and will in general also increase
proportional to N the number of individuals in the population. Thus the total number of

computations is of complexity O (n2)

4.3 The SBAM procedure

The SBAM procedure does as follows: We have obtained the RAS-adjusted matrix X
which is a symmetric 7' x T" matrix in which z;; is the number of matches between indi-

viduals of type ¢ and j. Then given a matching pool of NV individuals such that
D @iy =) @iy =Ni=N;
i J

assign the first 2 1, persons of personsgroup N; randomly into two queues, A and
B and pair those persons. Remove those persons from the set Ni, i.e. the new set of
type 1 persons in the matching pool is N7\ A U B!, Next, randomly choose x12 persons
from each of N; and N, an randomly queue them A C N; and B2 C N, and pair
those persons. Remove from Nj (No) the persons of A2 (B12). More generally, randomly
choose z;; for ¢ < j from the residual sets N; and IV; respectively and queue them AU C N;
and BY C N; and pair those persons. Remove from N; (N;) the persons of AY (B%).

Since the RAS procedure is independent of the population size, the calculations needed to
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adjust the distribution of matches in the SBAM does not increase as the population size
increases. The only number of computations dependent on the number of individuals to
match is the pairing mechanism which randomly queue the individuals in the matching
pool.

Comparing the two alternatives: DYNACAN/CORSIM and SBAM, we see that the
pairing mechanism, that is the actual part of the matching mechanism which make a pair
on individuals a couple has the same computational requirements. However, the distribu-
tional adjustment differs in that the DYNACAN/CORSIM depends increasingly, convex
on the total number of persons to match, while the SBAM adjustment is independent on

the total number of persons to match.

5 An application

The SBAM method has been used in the development of a new Danish microsimulation
model. The purpose of the model is to forecast the evolution and composition of Danish
households and their demand for dwellings. The model works with a full sample of the
Danish population of approximately 5,5 million individuals and 2,5 million households
divided into 11 (geographical?) regions. The model describes demography, education,
socio-economic status and housing choice.

Each individual will in every period (every year) with a given probability be included
in the so-called matching pool. This probability depends on the characteristics of the
individual. For example, a young person that is single, will have a high probability, while
an older person living in a relationship, will have a lower probability. A person can be
included in the matching pool either because it was previously single or it was previously
matched but within a year the relationship had been separated and he/she had been

matched with a new person.

31



5.1 Stock versus flow models

In this way, the present model differ from the models of Harmonic Mean and/or ChooSiow
in that these alternative models use the stock-approach: the stock of matchings distributed
on types at a given instant is determined by the matching function. The matching function
applied here, the SBAM, is better suited to use the flow-approach: the stock of matchings
distributed on types is determined partly by the flow of singles forming a new pair, a
single and a previously matched person forming a new pair and previously matched persons
separate from their previous matchings and becoming matched with each other, and partly
by the separated couples within the period. The advantage of this new approach is that
we can directly obtain the gross flows, while the stock-approach only determines the net
flows as the change from the initial stock value into the ultimo stock value. When using
microsimulation models it is often very important to know the gross flow as we model each
individual separately. The stock approach is acceptable whenever the difference between
the gross and net flows is neglectable as is the case in group-based population forecasts.
The net flows can of course be estimated ex post, however, it is difficult to obtain the
full effect of a changed matching distribution onto the conditional distributions. Also, the
flow approach is important when the event, of e.g. a matching, is highly correlated with a
different event, e.g. the migration event, which is also important in the housing demand
model that we consider.

The model consists of at its most basic level of individuals and dwellings. At each point
in time, an individual has some basic characteristics: gender, age, highest level of gradu-
ated education, citizenship, residence time and socio-economic status. Each individual is
attached to a household, and each household is determined by the household members and
the dwelling in which the household resides. The dwelling is characterized by its size, type
and location. A household can be categorized as either a single or a couple, depending on
the number of adult-members of the household, or as either an all-adult- or child-family, de-

pending on the presens of a child in the household or not. The model distinguish between
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individual-, household- and individual/household-specific events: an individual-specific
event is the aging-event, education-event and socioeconomic-event. Household-specific
events are events such as separation, construction, migration and fertility /expanded. A
separation is caused by either one or two persons becomes either single or matched with
another person, or that a person imigrates. A household is constructed either due to a
separation from a current household, a matching of two new adults or the movement by
an adult child away from his/her parents. A household can change location, size etc. of
its dwelling. Finally, a household may be expanded either due to birth of a baby, adoption
of a new child etc.

An important characteristic for a single person to be matched within a year is the
event that the female gives birth to a child within the considered year. Furthermore, the
likelihood of a couple’s household to separation itself depend upon the birth of a child
within that year, number of children etc. This implies that the initial state of a single
person (or couple) does not perfectly determine that persons probability of matching (or
separation) within the year. This requires the result of an in-year event of fertility to be
determined ex ante the matching process begins. This casual ordering is the result from
unobserved characteristics, i.e. the pregnancy decision.

Using the stock-approach the number of matchings and number of separations sepa-
rately would not be determined, since only the net effect is known. However, the number
of matches between two types may be unchanged, or a very small change in numbers,
while this may cover up the fact that the actual effect is that an (almost) equal number
of households are dissolved as the number of households constructed, and whoms gross
number might be considerable. This, however, has consequences for the migration prob-
abilities in that separation/construction of households involve a migration decision. This
affects the demand for housing. To see how matching probabilities affects the migration

propensities consider tabel X.
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Separation | Matching | Nb. pers. | Avg. per year | Migration prob
Adults No No 10.095.909 917.810 8,3
Yes No 924.932 84.085 62,2
Yes Yes 109.880 9.989 T
No Yes 1.046.790 95.163 61,5
Adult children - No 182.848 60.949 100,0
- Yes 206.034 18.730 96,2
Other - - 391.110 35.556 23,8

As can be seen, a person which experience a separation has a probability of migration of
about 60 per cent as compared to a person which does not separate whom has a probability
of migration of about 8 per cent. About one in fourth migration-event conincide with a
separation- or matching-event (Kristensen, 2011). Since between 250 and 300 thousand
adults migrate each year, this could potentially affect about 50-75 thousand migrations

each year.

5.2 Empirical comparisons

In this way, a matching pool containing approximately 120,000 individuals arises each
period. From this, the corresponding 60,000 pairs are formed. The SBAM algorithm is
used for this. In the experiments reported in this paper, the individuals are divided into
types on the basis of gender, age (15-65), 5 education levels and 11 regions. This results
in 5,500 different types (=2%*50*5*11). On a Windows-server (Intel Xeon CPU X5550,
2.67GHz), the matching takes approximately 20 seconds.

As we concluded above, using a few simple examples, the SBAM will use the same-
sex matchings to compensate for any widening of the age-gender gap between males and
females. The distribution of matchings is more concentrated towards the age-groups 22
to 30 in 2020 compared to the distribution in 2010. In the same period, the number of

persons in these age-groups increase between 2010 and 2020. This follows the results from
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our simple examples.

Figures 1-3 give examples of the results of the model in 2020. The figures show the
distribution of newly formed pairs in the original data (from 2008) and in 2020. Figure 1
displays the age distribution of partners of 25-29 year old males. It is evident that SBAM
is capable of generating an age distribution fairly consistent with data. The mean age of
a partner is 25.0 in the data. In the forecast, the average is 25.4.

Figure 2 shows the educational distribution of partners for individuals with a vocational
education. The SBAM algorithm finds it necessary to move the distribution slightly to
ensure that the over-all matching is solved. In comparison to the original data, the pro-
portions of partners with educational levels of “High school” and “Vocational” have thus
fallen, while the proportions of “No education”, “Medium” and “Long” have risen.

Figure 3 displays the regional distribution of partners for individuals living in “Copen-
hagen, environs”. The Copenhagen area is divided into two regions: “Copenhagen, envi-
rons” (7) and “Copenhagen, city” (6). It is seen that approximately 50 per cent of new
partners also live in the environs of Copenhagen. In addition, Copenhagen city and North
Sealand (8) account for a significant proportion of new partners. It is evident that the
SBAM method produces a distribution that is fairly consistent with the original data.

Figure 4 shows the distribution of matchings on the age difference. There is a significant
change in the age-difference distribution as the matching ages, such that young couples
tend to have a more lower age difference compared to later on in their life. When they

turn age 35 the distribution is rather stationary.
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Figure 1: Age distribution of partners. 25-29 year old males.

® 2020

— Data

15 20 25

Source: Own calculations.

30
Age

Figure 2: Educational distribution of partners. Vocational (7).
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Figure 3: Regional distribution of partners. Copenhagen, environs.
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6 Conclusions

Most current microsimulation models are based upon a sample of individuals from the
population, which limits the computational requirements in the matching process which is
usually a quadratic complexity process and thus would increase quadratic as the sample
size increases. Few models exceeds a sample size above 100.000 individuals which would
imply a matching pool of approximately 2.500 persons. This low sample size is problematic
when distributing the simulated population on a larger number of characteristics and limit
the fineness of the distribution. This has invoked the modellers to apply rather coarse
methods which does not allow matching distributions to vary with the age-level only the
age-difference, improvements have been imployed by allowing for a distinction between

first time marriages and higher order marriages but also satisfactory implications from
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Figure 4: Distribution age-difference matching, historic vs. estimated
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Note:  Solid lines are estimated shares, while dotted lines are observed. Data is from the
period 2001-2008. The horisontal vertex is the age difference of a matching couple.
Source: Own calculations.

Figure 5: Age difference distribution, young ages
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Solid lines are adjusted, dotted lines are observed.
Source:  Own calculations.
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Figure 6: Distribution on education

40%
H |nitial
35% 1 B RAS Adjusted
30% M Observed adjusted
25%
20%
15%
10%
5%
0%
Unskilled High school Vocational Short & medium Long higher
higher education education

The probability of a person matched in 2006 with a match of a given education.
Own calculations

Figure 7: Distribution on geographical region
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this approach arises due to the male-centric assumption.

We introduce a new method for computational efficient matching based on the RAS
method of rebalancing matrices and the linked-lists method of C#. Overall the method
mimics the stable approach emencing from changes in population distributions establishing
the theoretical fundation on solid consistent grounds while retaining the observed distri-
bution, which is often a problem for stable approaches that tends to produce bimodal
distributions that cluster too much around the center of the distribution. On the other
hand the method is rather efficient in its computational requirements.

Applications of the method to the historical period 2001-2009 of observed matchings
compared with the SBAM method reveals that the method in general perform very well in
predicting the distribution on age differentials while the most serious errors are observed

in a small groupe of 16-18 years.
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